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ABSTRACT 
It may be of no surprise that water quality data is right-skewed, but what appears 
to be overlooked by some is that the arithmetic mean and standard deviation most often 
fail as measures of central tendency in skewed data. When using the arithmetic mean and 
arithmetic standard deviation with nutrient data, one standard deviation about the 
arithmetic mean can capture nearly all of the data and extend into negative values. 
Representing nutrient data this way can be misleading to viewers who are using the 
statistics, and making assumptions, to understand the characteristics of those waters. 
Through an in-depth statistical analysis of Florida’s nitrogen and phosphorus data, I have 
found the geometric mean and multiplicative standard deviation capture a better 
representation of the central region of skewed data. Including the geometric mean and 
multiplicative standard deviation in the descriptive statistics of nutrient data is relatively 
simple with today’s tools and helps to better describe the data. Adding these statistics can 
contribute to more effective understanding of nutrient concentrations, better application 
of data, and the development of better data-derived policy. While the suggestions of this 
paper are by no means original, it is with added evidence provided by the study of the 
skewness, distributions, and central regions of 53 nutrient data sets that I intend to help 
reiterate the argument that a few additional descriptive statistics can greatly empower the 
communication of data, and because of the ease with which they can now be calculated, 
there is no excuse to ignore them. 
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PROBLEM AND PROPOSAL 
All too often, statistical descriptions of geochemical data are based on the 
assumption of normal distribution (Limpert et al., 2001), even while awareness of the 
inherent skewness of that data has progressed. Because of the pervasiveness of standard 
reporting methods, some scientists and viewers may not even realize what assumptions 
they have made. When the data are skewed or when outliers exist, the bracket of one 
arithmetic standard deviation can encompass an inappropriately large portion of the data 
and can venture into negative values, which may render it nearly useless. When reported 
by the arithmetic mean and standard deviation, viewers will often assume the percentage 
distribution of the Gaussian curve to hold true without considering the actual distribution 
of the data.  
It is not uncommon for water resource data to have most values relatively near 
zero and several values substantially higher (Helsel and Hirsch, 1992). Data are often 
reported with the arithmetic mean where subtracting three, two, or even one standard-
deviation unit returns a negative value. This reveals a tendency for summaries to be based 
upon the normal distribution (Ahrens, 1954) even when it is overtly inappropriate. Water 
resource data, however, are rarely normally distributed and often include extremely high 
values (Helsel and Hirsch, 1992).  
The method of describing sediment grain-size distribution using the phi scale 
(Krumbien, 1934) has been embraced by sedimentologists and is taught in every 
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introductory sedimentary geology course. This is a good example of departure from the 
assumption of the normal distribution. However, in many areas of geoscience, it appears 
that the assumption of the normal distribution reigns.  
The arithmetic mean is not a robust statistic because unusual values, especially 
outliers and large positive departures from the central tendency, can have different 
influences on it (Helsel and Hirsch, 1992). Analysts commonly choose to remove these 
outliers from data sets (Limpert et al., 2001). Exceptions to the average, these “outliers” 
may in fact be the rule (Limpert et al., 2001), and they may have important things to tell 
about the system. For these reasons, it would not be wise to throw them out in favor of 
obtaining a “better” arithmetic mean value. 
It is with the shortcomings of the arithmetic mean and standard deviation in mind 
that I offer the suggestion of using two additional statistics to describe the central region 
of nutrient data. I suggest, since we are already making assumptions, that we consider 
drawing from one that is more applicable to the characteristics of the data. This does not 
need to become overly complicated or tedious. It is simply applying a method with which 
we are all familiar, in a different way. It may take some encouragement to be adopted. 
Nonetheless, better methods for describing data can only increase our understanding of 
the world around us.  
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BACKGROUND 
The normal distribution appears as the classic, symmetric, Gaussian curve, or 
bell-curve (Mood and Graybill, 1964). Discussion of departures from the normal 
distribution began in the early nineteenth century (Stigler, 1986). Donald McAlister 
appears to be the first to look at cases where measures are “naturally grouped around 
their geometric mean” and thus began to recognize the lognormal distribution (1879). 
The lognormal distribution describes data whose logarithms are normally distributed 
(Aitchison and Brown, 1966). It has been suggested that the lognormal distribution may 
be more common than the normal distribution (Lepeltier, 1969), in part due to the 
boundary set by zero. In making his case for seeking a better way to generalize data 
bounded by zero, Francis Galton invoked the imagery of a giant whose height is twice the 
average. With an arithmetic assumption comes the existence of a dwarf “whose stature is 
less than nothing at all” (1879). Historically, there has been much investigation into 
whether scientific data can be deemed lognormally distributed (Ahrens, 1954; Vistelius, 
1960; Lepeltier, 1969; Limpert et al., 2001).  
Descriptive Statistics 
The median is a robust measure of the central value of a data set. Exactly half of 
the data lie on either side. There is little influence on the median by a single value, even if 
that value is an outlier (Helsel and Hirsch, 2003). Unfortunately, the median alone gives 
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little information about the data set. If the data are, in fact, normally distributed, the 
median and the arithmetic mean will be equal. 
The arithmetic mean, !, may be the first statistics concept learned by young 
students of arithmetic. The arithmetic mean is the center of mass for a data set, the 
balance point of all the data (Helsel and Hirsch, 1992) given by ! = !!!!!!!        (1) 
where n is the number of independent concentration measurements, and x is the 
concentration in mg/L. It may not, however, represent the middle value of that set. If the 
data follow a normal distribution, the arithmetic mean, as well as the median, will be an 
appropriate measure of central tendency. The strength of the arithmetic mean only exists 
when positive and negative variations from a regular value are equally likely to occur 
(McAlister, 1879). Regardless of distribution, the arithmetic mean of nutrient 
concentration data is the average “abundance” of the nutrient (Ahrens, 1954). It is useful 
when an account of the influence of large, positive departures from the central tendency 
is preferred (Helsel and Hirsch, 2003). 
The arithmetic standard deviation, s, is defined by the equation 
! = (!!!!)!!!!!(!!!)       (2) 
where ! is the arithmetic mean of the data, n is the number of independent concentration 
measurements, and x is the concentration in mg/L. It is a symmetric bracket about the 
arithmetic mean that describes the variability of the data. Assuming a normal distribution, 
one standard deviation about the arithmetic mean will encompass 68.2% of the data, an 
additional 27.7% will lie between one and two standard deviations, and an additional 
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4.2% between two and three standard deviations. The remaining 0.4% of the data will be 
outside three standard deviations from the mean. 
The geometric mean, !⋆, returns a value that is useful as an estimation of the 
median (Helsel and Hirsch 2002) and can represent the most prevalent concentration 
(Ahrens, 1954). It is a measure of central tendency that can be determined by !⋆ = !!!!!!!       (3) 
where n is the number of independent concentration measurements, and x is the 
concentration in mg/L. An alternative equation for calculating the geometric mean, 
!⋆ = 10 !"#!"  !!!!!! ! ,      (4) 
is done through log-transformation of the data. It is the back-transformation of the 
arithmetic mean of the logarithms of the data. In many circumstances the geometric mean 
is an appropriate method for determining a central value around which most of the data 
cluster (McAlister, 1879). It is more stable than the arithmetic mean, meaning it is not as 
affected by higher values (Lepeltier, 1969). When the data are lognormally distributed, 
that is, when the logarithms of the data are normally distributed (Aitchison and Brown, 
1966), the geometric mean will be equal to the median.  
The multiplicative standard deviation, !⋆, is the standard deviation of the 
logarithms of the data. Given by 
!⋆ = 10 (!"#!" !!!!"#!" !)!!!!! (!!!)       (5) 
where !⋆ is the geometric mean, n is the number of independent concentration 
measurements in the data set, and x is the concentration in mg/L, the multiplicative 
standard deviation works similarly to the arithmetic standard deviation. The difference 
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lies in how it is applied. The geometric mean is multiplied or divided by the 
multiplicative standard deviation, rather than added or subtracted as with the arithmetic 
standard deviation. The bracket of the multiplicative standard deviation is not symmetric 
about the geometric mean. In right-skewed distributions, it will represent a greater range 
of values above the geometric mean than below and will not go beyond zero.  
Skewness is a value given to the asymmetry of a data set (Mood and Graybill, 
1963). It is the third standardized moment about the mean (Aitchison and Brown, 1966) 
and defined as 
!"#$! = !(!!!)(!!!) !!!!! !     (6) 
where ! is the arithmetic mean of the data, s is the arithmetic standard deviation, n is the 
number of independent concentration measurements, and x is the concentration in mg/L. 
Nutrient data, and data from a great array of the geosciences, have been found to be right-
skewed (Galton, 1879; Ahrens, 1954; Helsel and Hirsch, 1992; Limpert et al., 2001). A 
frequency histogram of right-skewed data will feature a peak leftward and a long tail on 
the right. A negative skewness value indicates the data are left-skewed and the tail will be 
on the left. 
Descriptors of central tendency can be used to determine the asymmetry of a data 
set. The equation !"#$! = !!!"#$!       (7) 
where ! is the arithmetic mean of the data, and s is the arithmetic standard deviation, 
compares central tendency descriptors. Percentile descriptors, as used in the equation !"#$! = !!!!!!!!!!!!!!       (8) 
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where Q3 is the third quartile, Q1 is the first quartile, and Q2 is the median, can also give 
an indication of asymmetry. I add the calculations !"#$! = !!!"#$%&!"#$%&       (9) 
and  !"#$! = !⋆!!!       (10) 
where ! is the arithmetic mean of the data, and !⋆ is the geometric mean, to compare the 
central tendency measures. 
The kurtosis is a value given to the steepness of a data set (Mood and Graybill, 
1964). It is the fourth standardized moment about the mean (Aitchison and Brown and 
Brown, 1966) and is defined as 
!"#$%&'& = !(!!!)(!!!)(!!!)(!!!) !!!!! ! − !(!!!)!(!!!)(!!!)  (11) 
where ! is the arithmetic mean of the data, s is the arithmetic standard deviation, n is the 
number of independent concentration measurements in the data set, and x is the 
concentration in mg/L. A frequency histogram of data with a high kurtosis value has a 
dramatic peak with steep sides. A negative kurtosis value will appear as a frequency 
histogram with a wide, flat plateau. 
Influences on Nutrient Concentration 
Sources of nutrients in Florida’s waters can be diverse, and concentrations can be 
highly variable. Phosphorus concentrations are influenced mainly by hydrologic 
characteristics, while nitrogen concentrations are more complex (Elder, 1985). This is 
partially due to the fact that inorganic nitrogen is soluble and mobile (Mueller and Spahr, 
2006). Phosphorus attaches to clays and tends to require erosion to be set in motion 
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(Mueller and Spahr, 2006). Influences on nitrogen concentrations in Florida’s waters 
include atmospheric deposition (Ji-Meng Fu and Winchester, 1994), development and 
agriculture upstream (Mueller and Spahr, 2006), and hydrologic and biologic processes 
(Elder, 1985). Nitrogen and phosphorus concentrations in Florida’s surface waters tend to 
hold around a relatively narrow range, but the previously listed influences, as well as 
storm and flood events (Elder, 1985) and seasonal applications of fertilizers (Helsel and 
Hirsch, 1992), can introduce periodic variations and some significantly higher nitrogen 
and phosphorus concentrations (Mueller and Spahr, 2006). Often statistically referred to 
as outliers, these concentrations are valid measurements and are important for describing 
the waters. It is this natural variability, due to the inherent qualities of nitrogen and 
phosphorus, which contribute to the skewness and kurtosis observed in nutrient data.  
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DATA AND METHODS 
I acquired fifty-three data sets for a statistical analysis with the intention of 
exploring the normality of their distributions and how the geometric mean and 
multiplicative standard deviation compare with other summary statistics. Data are from 
four sources. Most data are from waters in, or connected to, Florida. Four data sets are 
from waters well beyond Florida’s borders. The number of independent measurements in 
each of the 53 individual sets ranges between 47 and 3,965. 
I obtained twenty sets through the United States Geological Survey’s National 
Water-Quality Assessment Program (NAWQA), specifically from the Georgia and 
Florida sections of the Apalachicola-Chattahoochee-Flint River basins (ACFB), the 
Georgia and Florida sections of the Georgia-Florida Coastal Plain Drainages (GAFL) and 
the Southern Florida Drainages (SOFL) (Figure 1).  
 
Figure 1. NAWQA Study Units. Locations of the three study 
units used in this analysis (adapted from USGS, 2006). Shaded 
box is Hillsborough County. 
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The NAWQA data are from a combination of ground water and surface water 
monitoring sites. Water sampling was done for three to four years beginning in 1991 at 
ACFB and GAFL, and in 1994 at SOFL (USGS, 2006). After a nationwide reassessment, 
data collection began again in 2001 at ACFB and GAFL, and in 2007 at SOFL (USGS, 
2006). The 20,000 square miles of the ACFB study unit see nutrient influences from 
urban and suburban land use and poultry farming (Frick et al., 1998). The GAFL study 
area covers 62,000 square miles (Figure 2) and has dynamic ground water and surface 
water interactions that play a part in nutrient concentrations (Berndt et al., 1998). In 
surface waters of the 19,500 square miles of the SOFL study unit, agricultural runoff 
contributes to high nutrient concentrations, particularly with phosphorus (McPherson et 
al., 2000). Details about the parameters of this collection can be found in Table 1. 
 
Table 1. Nutrient Parameters for 20 NAWQA Data Sets  
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 I acquired twenty-nine data sets from the Environmental Protection Commission 
of Hillsborough County (EPCHC) (Figure 1 shaded area) via the Hillsborough County 
and City of Tampa Water Atlas (Water Atlas). Total nitrogen (TN) and total phosphorus 
(TP) concentrations have been part of routine monthly measurements since the 1970s. 
The data I have used in this analysis extend through February of 2010. Land uses in 
Hillsborough County include agriculture, and urban and suburban development. The data 
are separated into major water bodies and tributaries in the Tampa Bay area. Values 
flagged as invalid by the Florida Center for Community Design and Research at the 
University of South Florida (David Eilers, pers. comm., 28 March 2012) and values 
above 70 mg/L for TN and 40 mg/L for TP were removed. It is important to note that 
these were not removed on the basis of their outlying; rather, I believe them to be 
erroneous, whether due to transcription, sampling, or lab error. The historical data housed 
at the Water Atlas have not yet been subjected to quality control (David Eilers, pers. 
comm., 28 March 2012). 
 I acquired two data sets from rivers and springs within Mammoth Cave National 
Park. Data collection occurred on a monthly basis at several surface water locations 
within park boundaries for two years, followed by five years of no collection (Brenda 
Wells, pers. comm., 22 February 2012). Total nitrogen concentration as nitrate (N-NO3) 
was recorded monthly from January 2005 through January 2011. Dissolved phosphate 
concentration (PO4) was recorded from January 2005 through May 2006. Analysis for 
phosphate concentration was discontinued in 2006 because the waters at Mammoth Cave 
National Park have maintained very low levels of phosphorus (Brenda Wells, pers. 
comm., 22 February 2012). Data were collected and recorded by the Cumberland 
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Piedmont Network, part of the Inventory and Monitoring Program of the National Park 
Service (NPS, 2007). 
 I have included two data sets from water samples collected and analyzed by 
Jacqueline Sampson, John Ferguson, and me, with the University of South Florida under 
the guidance of Drs. Len Vacher and Bogdan Onac. We determined nitrate (NO3-N) and 
phosphate (PO4) concentrations for lakes (Figure 2A) and blue holes (Figure 2B) of San 
Salvador, Bahamas. These data are the only ones discussed in this paper that were not 
taken repeatedly over an extended period of time. We collected and analyzed all water 
samples over the course of five days on the island.  
 
Figure 2. Sample Locations of San Salvador Island. A. 
Google Earth image of lakes and ponds sampled on San 
Salvador Island. B. Google Earth image of blue holes 
sampled on the southwest part of San Salvador Island. 
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I used Microsoft Excel for all statistical analyses in this paper. I used the 
skewness and kurtosis as calculated by the Microsoft Excel commands (Equations 6 and 
11) where a value of zero indicates no distinction from the normal distribution. I 
calculated the kurtosis as an additional measure of deviation from the normal distribution, 
but did not use it in further analyses. I used the four additional measures of asymmetry 
given by Equations 7, 8, 9, and 10 and plotted them against the Excel skewness values to 
determine any possible correlation. I created frequency histograms with bin sizes of 0.1 
mg/L for nitrogen sets and 0.01 mg/L for phosphorus sets to offer a visual display of the 
skew.  
After log-transforming the data, I calculated the geometric means and 
multiplicative standard deviations. I chose to use log10 because it is easier and more 
familiar than the natural or other logarithmic transformations. I created frequency 
histograms of the logarithms of the data with bins sizes of 0.01. For a simple quantitative 
comparison, I returned to the Excel commands to calculate the skewness and kurtosis of 
the log-transformed data. To allow a visual comparison, I determined the curve for a 
normal distribution with the same mean and standard deviation as the log-transformed 
data and placed it atop the frequency histogram. Using Excel’s normal and chi-square 
distribution functions, I performed the chi-square goodness-of-fit test and determined 
probability values to conclude whether the data distributions were, in fact, lognormal. 
This p-value is also shown on the frequency histograms of the log-transformed data 
(Appendix A).  
I used two methods to graphically display how the standard deviation (SD) 
captures the data. The simple separation considers the percent of the data within one (1 
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SD), between one and two (2 SD), and between two and three standard deviations (3 SD) 
from the mean (Figure 3).  
 
Figure 3. Simple separation of the Distribution of Standard 
Deviations about the Arithmetic Mean of Normally 
Distributed Data. 
 
The complex separation considers six groupings about the mean, -3, -2, -1, +1, +2, and 
+3 standard deviations (Figure 4). 
 
Figure 4. Complex Separation of the Distribution of 
Standard Deviations about the Arithmetic Mean of 
Normally Distributed Data. 
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For both methods of separation described above, I used the chi-square statistic, χ2, 
to determine whether the log-transformed distribution of standard deviations was a better 
fit to the assumed. It is important to note that the percent of data within any arithmetic 
standard deviation of the arithmetic mean of the log-transformed data is exactly the 
percent that is bracketed by the same multiplicative standard deviation about the 
geometric mean of the original data. I continue by using the terms geometric mean and 
multiplicative standard deviation to avoid communicating through logarithms. 
In order to graphically demonstrate the way one standard deviation captures the 
mean, and to compare the additive and multiplicative methods, I have modified the 
standard boxplot, rotated it, and superimposed it onto the frequency histogram for each 
site (Appendix A). This graphic interpretation shows the arithmetic and geometric means, 
the brackets of one standard deviation about each, the median, first and third quartiles, 
and the range of the data. 
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RESULTS 
The geometric mean is lower than the arithmetic mean in all cases of the data 
analyzed here and lies closer to the median in all but three of the data sets (Alafia River 
Tributaries (N), ACFB-GA 618, and GAFL-FL 625). As such, the geometric mean is 
located nearer the peak of the frequency histograms (Appendix A). This suggests that the 
geometric mean is, in fact, a better representative of the most common concentration 
value of the data set than the arithmetic mean. 
The arithmetic mean and arithmetic standard deviation are listed in Table 2 
alongside the geometric mean and multiplicative standard deviation for each data set. 
Skewness values, determined by the Excel command, for the 53 data sets range from 0.78 
to 33.04. Equations 7, 8, 9, and 10 verify that the data are, indeed, skewed. For the 
remainder of this analysis I have used Excel’s skewness calculation (Equation 6). These 
values, as well as values for the other four measures of asymmetry and kurtosis, are also 
listed in Table 2. 
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Table 2. Descriptive Statistics for 53 Data Sets 
 
 
 
!̅                        !	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In the search for a measure of skewness that could offer a minimum value for 
which the geometric mean and multiplicative standard deviation would be beneficial, I 
found no correlation between the alternative measures of skewness and Excel’s skewness. 
While the five skewness measurements do not appear to correlate with one another 
(Figure 5), by all measures, the data I have analyzed here can be considered right-
skewed. 
 
Figure 5. Comparison of Skewness Measurements. Excel 
skewness calculation (Skew1) versus the skewness as 
determined by four other processes (Equations 7-10). 
 
Fifty of the 53 data sets do not statistically fit the lognormal distribution (χ2 
goodness of fit, p-value <0.001 - 0.041); just three of the 53 data sets do statistically fit 
the lognormal distribution (χ2 goodness-of-fit, p-values = 0.74, 0.121, 0.216. However, 
upon visual inspection of frequency histograms of the log-transformed data (Figure 6), 
most sets do resemble the expected bell curve of the normal distribution.  
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Figure 6. Hillsborough River Total Nitrogen Concentration: 
Log10 Histogram. The frequency histogram of log10 of 
Hillsborough river total nitrogen concentration overlaid by 
a modified boxplot. Data are not lognormal (χ2 goodness-
of-fit, p-value < 0.001). Green line is the frequency curve 
of the associated lognormal distribution. Whiskers of 
boxplot indicate range. 
 
Regardless of whether the data are statistically determined to be lognormally 
distributed, frequency histograms of the log-transformed data have much greater 
symmetry than those of the non-transformed data and therefore suggest that the nutrient 
concentration relationship is a multiplicative one rather than an additive one.  
Generally, greater skew leads to a greater percent of the data being within one 
arithmetic standard deviation of the arithmetic mean (Figure 7).  
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Figure 7. Percent of Data within one Arithmetic Standard 
Deviation of the Arithmetic Mean vs. Skew1. 
 
As previously stated, even when the data are not lognormal, log-transformation gives 
greater symmetry, thus dampening the skew (Figure 8). By calculating the mean and 
standard deviation of the more symmetric values we better represent the central tendency. 
 
Figure 8. Percent within one Arithmetic Standard Deviation 
of the Arithmetic Mean vs. Skew1: Log-Transformed. 
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After log-transformation, the arithmetic mean and standard deviation better fit the 
expected distribution described earlier of 68.2% within one standard deviation, 95.4% 
within two standard deviations, and 99.6% within three. In many cases, even though the 
data are not lognormal, this transformation causes them to become quite close to what 
would be anticipated if they were (Figure 4). The more skewed the original data, the 
greater the improvement in symmetry after log-transformation (Figure 9). 
 
Figure 9. Difference in Skewness vs. Skewness. The 
skewness of the original data minus the absolute value of 
the skewness of the log-transformed data versus the 
original skewness (Skew1). 
 
By the chi-square statistic, 90% of the data sets were improved by the use of the 
geometric mean and multiplicative standard deviation as determined by analysis of the 
simple separation. Analysis of the complex separation indicated an improvement in 87% 
of the data sets. Graphics of the complex separation demonstrate clearly how the 
symmetry is improved by using the geometric mean and multiplicative standard deviation 
rather than the arithmetic mean and standard deviation (Figure 10).  
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Figure 10. Complex Separation about the Means of Nine Data Sets. 
Sample section of the complex separation of the distribution of 
data within 1, between 2 and 3, and between 3 and 4 standard 
deviations of the arithmetic mean and accompanying χ2 value (top 
row), and the geometric mean and accompanying χ2 value (bottom 
row). Lower χ2 value indicates a better fit to the expected 
distribution about the mean. The complete set of figures can be 
found in Appendix B. 
 
In the simple separation, there are only five cases in which the multiplicative 
standard deviation creates a worse fit to the assumed distribution of standard deviations 
about the mean (Figure 11). 
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Figure 11. Simple Separation about the Means of Five Data Sets. 
Distribution of data within 1, 2, and 3 standard deviations from the 
arithmetic mean with accompanying χ2 value for the five sites 
deemed unimproved by log-transformation in the simple 
separation.  
 
It is of little surprise that these are the five cases of least skew, 0.9, 0.8, 0.9, 1.0, 
and 1.1, respectively. Three of the questionable data sets (ACFB-GA 618, ACFB-FL 608, 
and GAFL-FL 625) have unique characteristics that contribute to their departure from the 
generalizations of this paper. For one, ACFB-GA 618, the transformation increases the 
skewness, and becomes left-skewed. The original skewness, 0.89, is -1.55 after log-
transformation. Rather than being the least skewed, as one may assume, it has the second 
lowest skewness of the sets. The second site, ACFB-FL 608, is the only set whose 
arithmetic mean is equal to the median. The third distinctive set, GAFL-FL 625, is the 
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and one multiplicative standard deviation from the respective means. For this site, the 
arithmetic mean is closer to the median than the geometric mean. ACFB-GA 618 and 
GAFL-FL 625 are the only two sets for which one multiplicative standard deviation 
creates a larger bracket than one arithmetic standard deviation. 
The complex separation finds seven cases where the chi-square statistic indicates 
a worse fit to the assumed percentage distribution of standard deviations (Figure 12). 
 
 
 
 
Figure 12. Complex Separation about the Means of Seven Data 
Sets. The distribution of data within 1, between 2 and 3, and 
between 3 and 4 standard deviations of the arithmetic mean and 
accompanying χ2 value (top row), and the distribution about the 
geometric mean and accompanying χ2 value for the seven sites 
deemed unimproved by log-transformation in the complex 
separation.  
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While these seven sites are among the least skewed, 1.0, 2.4, 2.1, 1.3, 0.8, 0.9, 
1.8, they do not make up the seven lowest skewness values. This separation has three 
sites in common with the unimproved sites of the simple separation.  
Samples of the graphic interpretation of the information I have gathered help 
illustrate the failings of the arithmetic standard deviation in describing the central region 
of skewed data (Figures 13 and 14). Subtracting one arithmetic standard deviation from 
the arithmetic mean will result in a negative number in both data sets shown below and 
occurs in 27 (51%) of the 53 data sets analyzed in this paper. Subtracting two standard 
deviations from the arithmetic mean results in values below zero in 46 data sets (87%), 
and in 52 sets (98%) when subtracting three standard deviations. Additionally, one 
arithmetic standard deviation can bracket nearly all of the data, with the exception of the 
infrequent higher values and outliers, while one multiplicative standard deviation about 
the geometric mean captures a range about the most common concentrations. It is also 
evident by these images that the geometric mean is much closer to the median, the 
vertical gray line near the center of the boxplot. 
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Figure 13. Alafia River Total Nitrogen Concentration: 
Histogram. The central region of the frequency histogram 
of total nitrogen concentration data for Alafia River 
overlain by a modified boxplot.  
 
 
 
 
 
 
Figure 14. Apalachicola-Chattahoochee-Flint, GA Total 
Phosphorus Concentration: Histogram. The central region of 
the frequency histogram of total phosphorus concentration data 
in the Georgia portion of the Apalachicola-Chattahoochee-Flint 
watershed overlain by a modified boxplot. 
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DISCUSSION 
It may serve the water quality science community, and possibly the greater 
geosciences and beyond, to consider how the vulnerabilities of commonly used statistics 
tend to over-simplify data by not recognizing the trap of the normal distribution. The 
standard for reporting nitrogen and phosphorus concentration data using only the 
arithmetic mean and standard deviation is not the best method for reporting water 
resource data (Helsel and Hirsch, 1992) for two reasons. The arithmetic mean often does 
not represent the central tendency well, and audiences have presumptions of what that 
statistic says about the distribution. Viewers – scientists and non-scientists alike – often 
have their minds trained in the normal distribution. Using only the arithmetic mean and 
standard deviation may allow for miscommunication of some very important 
characteristics of the resource. 
Further analysis of data sets with relatively low skewness values may be able to 
determine a set of rules or a valuable cutoff point for which the geometric mean and 
multiplicative standard deviation are not the best representatives of the central region of 
nutrient concentration data. Until then, with an understanding of the methods I have 
discussed, using both the additive and the multiplicative statistics will allow the analyst to 
choose which better represents the central region of the data set. 
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Evidence 
Frequency histograms of 53 nitrogen and phosphorus sets paint a clear picture of 
right-skewed distribution (Appendix A). The geometric mean and the data bracketed by 
the multiplicative standard deviation provide a better description of the central region of 
nutrient concentration data than do the arithmetic mean and arithmetic standard deviation.  
These data help to demonstrate that the statistical methods I have encouraged here 
are applicable to data sets of all different characteristics. The statistics behave similarly 
with large and small data sets. Data in this analysis were collected in lakes, springs, and 
rivers. The several geographic regions represented in the data demonstrate that the 
observations and suggestions of this paper apply to water resources throughout Florida, 
and beyond. The benefits also apply to long- and short-term data collections, as 
evidenced by the HCEPC sets, which span decades, and the MACA sets, which consist of 
two years of data. Furthermore, the several parameters (TKN, nitrate, ammonia + 
ammonium, etc.) indicate that the characteristics described in this paper are not limited to 
the results derived from any specific nitrogen or phosphorus parameter. The San Salvador 
data, measured in 25 different lakes over a period of days, as opposed to repeated 
measurements at the same location, can help demonstrate that my suggestions can be 
applied to geographically or temporally organized data. 
It should be said that the standard boxplot is an extremely strong graphic display 
of data. It gives information about the range, the quartiles, and even the skewness of the 
data set. It, however, does have some drawbacks. First, complicated graphics, like the 
boxplot, require great computer proficiency with common applications, or special 
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computer programs that are not always feasible. Secondly, reporting 2.09 ×/÷ 1.47 
requires less space and ink than the boxplot (Figure 15).  
 
Figure 15. Lake Thonotosassa Total Nitrogen 
Concentration: Boxplot. Modified boxplot shows the 
brackets of one standard deviation about the respective 
means (2.25 ± 0.98 and 2.09 ×⁄÷ 1.47). Whiskers indicate 
the range of data. 
 
The ability of one standard deviation to tell the story of most, but not all, of the 
data (ideally 68%) makes for a stronger description than the 50% given with the boxplot. 
Finally, it is the tendency of the sciences to report data with the mean and standard 
deviation. It is among the first quantitative undertakings of the student, and often the first 
statistic calculated by the working scientist. The geometric mean and multiplicative 
standard deviation are the multiplicative version of the customary reporting method. 
The ease with which we can now transform large data sets gives us the 
opportunity to use the best descriptive statistics for the job. Log-transformation of 
skewed data creates better symmetry. By creating a more symmetric set of values to 
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analyze, we can use the mean and standard deviation, with which we are all seemingly 
most comfortable, without entirely succumbing to some of their vulnerabilities. Microsoft 
Excel is widely available and allows this transformation, and computation back to 
meaningful concentration values, to be accomplished with just a few commands. The 
reality of communicating water quality data is that one must determine what exactly they 
are trying to communicate. If the message is to be concerned with the likelihood of 
concentration values, the asymmetric central region of skewed data is much better 
represented by the geometric mean and multiplicative standard deviation. 
Education  
Raising a question, answering it with an idea, and demonstrating the validity of 
that idea is not enough to change minds, much less methods. It is absolutely necessary to 
offer a sound process by which that idea can be put into practice. Using mathematical 
concepts in context with real data helps facilitate quantitative literacy in students in 
introductory geoscience courses (Wenner et al., 2009). The Spreadsheets Across the 
Curriculum (SSAC) library, hosted by the Science Education Resource Center (SERC), 
does exactly that through the use of “modules”, PowerPoint presentations with embedded 
Excel spreadsheets (Vacher and Lardner, 2010). Part of the SSAC library, the Geology of 
National Parks: Spreadsheets, Quantitative Literacy, and Natural Resources project is a 
National Science Foundation-supported venture to advance quantitative literacy and 
environmental geology in introductory geology courses (Vacher, 2010). These modules 
make available real data from the National Park system and ask students to use it to 
answer various questions related to environmental geology. To help support my goal of 
encouraging the careful communication of data and the specific topic I have raised in this 
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paper, I have created a tutorial module as part of the Geology of National Parks collection 
(Appendix C). 
 The module introduces students to Mammoth Cave National Park and some of the 
water quality issues of surface waters. It then leads students through the generation of a 
frequency histogram in Excel using real phosphorus data from the park. The statistical 
information I have discussed in this paper is offered on subsequent slides and is kept in 
the context of water quality at Mammoth Cave National Park. Students are guided 
through log-transformation and calculations of descriptive statistics for the phosphorus 
data set. They are then asked to independently follow the same steps for the nitrate data 
set. Finally, the students are asked to do some critical thinking about both the 
environmental and statistical concepts examined in the module. 
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CONCLUSION 
The data used for this analysis come from a variety of sources, methods, 
parameters, and locations. This helps to strengthen the argument that nutrient data are 
right-skewed and, although the distribution is not lognormal, it can be better described 
through statistics following log-transformation. Using fifty-three nutrient data sets, I 
demonstrate the superiority of the geometric mean and the multiplicative standard 
deviation at describing the central region of nutrient data, when compared to the 
arithmetic mean and arithmetic standard deviation. 
Here, I have here re-identified a problem in communication, re-proposed a 
solution, and offered a method of dissemination. There has been a chasm between 
mathematicians and observers and both have shown a tendency toward the assumption of 
the arithmetic normal distribution, despite the fact that it is not appropriate in so many 
cases (Ahrens, 1954). Furthermore, the dispute between the arithmetic mean and the 
geometric mean is not a new (Galton, 1879). Nutrient data are most often right-skewed. 
Admitting this, a priori, and including the geometric mean and multiplicative standard 
deviation in summary statistics will strengthen the message.  
 “Sensations of all kinds and magnitudes may flow into [the human perceptive 
faculty], some to be rejected at once, others to be sorted, all orderly, and arranged in 
place and time” (Pearson, 1911).  
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APPENDIX A: GRAPHIC ANALYSIS OF 53 DATA SETS 
 The following figures show four graphic representations of the data for site. A. 
Frequency histogram of the entire data set. B. The central region of the frequency 
histogram overlaid by a rotated and modified boxplot showing the arithmetic mean and 
the bracket of one standard deviation, the geometric mean and the bracket of one 
multiplicative standard deviation, the median, and the first and third quartiles. The 
whiskers indicate the range of the data. Arrows signify extension beyond the boundaries 
of the graphic. C. Frequency histogram of the log10 of the data overlaid by a rotated and 
modified boxplot showing the arithmetic mean of the log-transformed data and the 
bracket of one standard deviation, the median, and the first and third quartiles. The 
whiskers indicate the range of the log-transformed data. The curve represents the 
lognormal distribution of the same mean and standard deviation as the data set. D. 
Modified boxplot of the data showing the arithmetic mean and the bracket of one 
standard deviation, and the geometric mean and the bracket of one multiplicative 
standard deviation, the median, and the first and third quartiles. The whiskers indicated 
the range of the data. Arrows signify extension beyond the boundaries of the graphic. 
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Figure 1a: Graphic Analysis of Alafia River Total Nitrogen Concentration 
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Figure 2a: Graphic Analysis of Alafia River Tributaries Total Nitrogen Concentration 
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Figure 3a: Graphic Analysis of Cockroach Bay Total Nitrogen Concentration 
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Figure 4a: Graphic Analysis of Hillsborough Bay Total Nitrogen Concentration 
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Figure 5a: Graphic Analysis of Hillsborough Bay Tributaries Total Nitrogen Concentration 
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Figure 6a: Graphic Analysis of Hillsborough River Total Nitrogen Concentration 
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Figure 7a: Graphic Analysis of Hillsborough River Tributaries Total Nitrogen Concentration 
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Figure 8a: Graphic Analysis of Little Manatee River Total Nitrogen Concentration 
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Figure 9a: Graphic Analysis of Little Manatee River Tributaries Total Nitrogen Concentration 
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Figure 10a: Graphic Analysis of McCay Bay Total Nitrogen Concentration 
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Figure 11a: Graphic Analysis of Palm River Total Nitrogen Concentration 
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Figure 12a: Graphic Analysis of Tampa Bypass Total Nitrogen Concentration 
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Figure 13a: Graphic Analysis of Tampa Bypass Tributaries Total Nitrogen Concentration 
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Figure 14a: Graphic Analysis of Lake Thonotosassa Total Nitrogen Concentration 
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Figure 15a: Graphic Analysis of Lake Thonotosassa Tributaries Total Nitrogen Concentration 
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Figure 16a: Graphic Analysis of Apalachicola-Chattahoochee-Flint, FL Ammonia + Ammonium Concentration 
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Figure 17a: Graphic Analysis of Apalachicola-Chattahoochee-Flint, GA Ammonia + Ammonium Concentration 
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Figure 18a: Graphic Analysis of Apalachicola-Chattahoochee-Flint, GA Total Kjeldahl Nitrogen Concentration 
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Figure 19a: Graphic Analysis of Apalachicola-Chattahoochee-Flint, FL Nitrate + Nitrite Concentration 
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Figure 20a: Graphic Analysis of Apalachicola-Chattahoochee-Flint, GA Nitrate Concentration 
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Figure 21a: Graphic Analysis of Apalachicola-Chattahoochee-Flint, GA Nitrate + Nitrite Concentration 
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Figure 22a: Graphic Analysis of Georgia-Florida Coastal Plain, FL Ammonia + Ammonium Concentration 
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Figure 23a: Graphic Analysis of Georgia-Florida Coastal Plain, FL Total Kjeldahl Nitrogen Concentration 
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Figure 24a: Graphic Analysis of Georgia-Florida Coastal Plain, FL Total Kjeldahl Nitrogen Concentration 
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Figure 25a: Graphic Analysis of Georgia-Florida Coastal Plain, FL Nitrate + Nitrite Concentration 
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Figure 26a: Graphic Analysis of Southern Florida Total Kjeldahl Nitrogen Concentration 
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Figure 27a: Graphic Analysis of San Salvador Island, Bahamas Nitrate Concentration 
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Figure 28a: Graphic Analysis of Mammoth Cave National Park Total Nitrogen Concentration 
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Figure 29a: Graphic Analysis of Alafia River Total Phosphorus Concentration 
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Figure 30a: Graphic Analysis of Alafia River Tributaries Total Phosphorus Concentration 
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Figure 31a: Graphic Analysis of Cockroach Bay Total Phosphorus Concentration 
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Figure 32a: Graphic Analysis of Hillsborough Bay Total Phosphorus Concentration 
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Figure 33a: Graphic Analysis of Hillsborough Bay Tributaries Total Phosphorus Concentration 
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Figure 34a: Graphic Analysis of Hillsborough River Total Phosphorus Concentration 
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Figure 35a: Graphic Analysis of Hillsborough River Tributaries Total Phosphorus Concentration 
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Figure 36a: Graphic Analysis of Little Manatee River Total Phosphorus Concentration 
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Figure 37a: Graphic Analysis of Little Manatee River Tributaries Total Phosphorus Concentration 
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Figure 38a: Graphic Analysis of McCay Bay Total Phosphorus Concentration 
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Figure 39a: Graphic Analysis of Palm River Total Phosphorus Concentration 
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Figure 40a: Graphic Analysis of Tampa Bypass Total Phosphorus Concentration 
	   77	  
 
Figure 41a: Graphic Analysis of Tampa Bypass Tributaries Total Phosphorus Concentration 
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Figure 42a: Graphic Analysis of Lake Thonotosassa Total Phosphorus Concentration 
	   79	  
 
Figure 43a: Graphic Analysis of Lake Thonotosassa Tributaries Total Phosphorus Concentration 
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Figure 44a: Graphic Analysis of Apalachicola-Chattahoochee-Flint, GA Total Phosphorus Concentration 
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Figure 45a: Graphic Analysis of Apalachicola-Chattahoochee-Flint, GA Total Phosphorus Concentration 
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Figure 46a: Graphic Analysis of Apalachicola-Chattahoochee-Flint, GA Orthophosphate Concentration 
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Figure 47a: Graphic Analysis of Georgia-Florida Coastal Plain, FL Total Phosphorus Concentration 
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Figure 48a: Graphic Analysis of Georgia-Florida Coastal Plain, FL Total Phosphorus Concentration 
	   85	  
 
Figure 49a: Graphic Analysis of Georgia-Florida Coastal Plain, FL Orthophosphate Concentration 
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Figure 50a: Graphic Analysis of Southern Florida Total Phosphorus Concentration 
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Figure 51a: Graphic Analysis of Southern Florida Total Phosphorus Concentration 
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Figure 52a: Graphic Analysis of San Salvador Island, Bahamas Phosphate Concentration 
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Figure 53a: Graphic Analysis of Mammoth Cave National Park Total Phosphorus Concentration 
	   90	  
 
 
 
APPENDIX B: COMPLEX SEPARATION OF STANDARD DEVIATIONS 
ABOUT THE MEANS OF 53 DATA SETS 
 The following figures show the percent of data within one standard deviation, 
between one and two standard deviations, and between two and three standard deviations 
from the arithmetic and geometric means and their accompanying χ2 value. Sites are 
listed in ascending order by the χ2 value of the distribution of the non-transformed data. 
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Figure 1b: Actual Distribution of Standard Deviations about the Means. 1 of 5 
Figure 2b: Actual Distribution of Standard Deviations about the Means. 2 of 5 
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Figure 3b: Actual Distribution of Standard Deviations about the Means. 3 of 5 
Figure 4b: Actual Distribution of Standard Deviations about the Means. 4 of 5 
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Figure 5b: Actual Distribution of Standard Deviations about the Means. 5 of 5 
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APPENDIX C: SOMETHING IS ASKEW AT MAMMOTH CAVE NATIONAL 
PARK: AN EDUCATIONAL MODULE 
 The following is the complete powerpoint slideshow published on the SERC 
website as part of the Geology of National Park Collection. 
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